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Abstract

Purpose – Joint descriptions of both heat and mass transfer and thermodynamic aspects of air-cooling
applications cannot be easily found in the literature. Numerical analyses are a notable exception since
suitable physical models and realistic boundary conditions are a prerequisite of accurate simulations.
Thus, it is believed that the experience gained with numerical simulations might be of some help also
to designers of air-conditioning and drying systems. This paper seeks to address this issue.

Design/methodology/approach – In the text, the physical implications of governing equations and
boundary conditions utilized in numerical simulations are extensively discussed. Particular attention
is paid to the thermodynamically consistent definition of latent and sensible heat loads, and to the
correct formulation of the heat and mass transfer analogy.

Findings – Comparisons of analytical and numerical results concerning forced flows of humid air
over a cooled plate validate the assumptions made in numerical simulations, both for air-conditioning
applications (almost always characterized by low rates of mass convection) and drying applications
(almost always characterized by high rates of mass convection).

Originality/value – Finally, with reference to the cold plate problem investigated here, the effects of
the suction flow induced by condensation on the Nusselt number are quantified.
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Nomenclature
A ¼ exchange area (m2)
cp ¼ specific heat at constant pressure

(kJ/(kg K))
D ¼ diffusion coefficient (m2/s)
g ¼ gravity acceleration (kJ/kg)
G ¼ chemical potential per unit mass

(kJ/kg)
Dh ¼ capillary depression (m)
Hvl ¼ latent heat of condensation per unit

mass (kJ/kg)
k ¼ thermal conductivity (W/(m K))
L ¼ length (m)
Le ¼ Lewis number ( ¼ Sc/Pr)
_m ¼ mass flow rate (kg/s)
_m00 ¼ mass flow rate per unit area

(kg/(s m2))
n ¼ coordinate normal to the

surface (m)
Nu ¼ Nusselt number
Pr ¼ Prandtl number

p ¼ pressure (Pa)
q ¼ heat flow rate (W)
q00 ¼ heat flux (W/m2)
r ¼ radius (m)
ReL ¼ Reynolds number (¼ rjv1jL=m)
Sc ¼ Schmidt number
Sh ¼ Sherwood number
t ¼ temperature (8C)
T ¼ absolute temperature (K)
v ¼ velocity vector (m/s)
vt; vn ¼ velocity components in the ðt; nÞ

directions (m/s)
W ¼ width (m)
x ¼ humidity ratio (kgvapor/kgdryair)

Greek symbols
a ¼ contact angle
m ¼ viscosity (kg/(s m))
r ¼ density (kg/m3)
s ¼ surface tension (J/m2)
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t ¼ coordinate tangential to the
surface (m)

v ¼ mass fraction of water vapor
(kgvapor/kghumid air)

Subscripts
a ¼ advective, air
d ¼ diffusion
k ¼ sensible

l ¼ liquid
n ¼ normal direction
v ¼ vapor
s ¼ saturation
w ¼ wall
l ¼ latent
t ¼ tangential direction
1 ¼ free-stream value

Introduction
In many HVAC systems and in a great number of home and industrial appliances,
transfers of latent and sensible heat occur simultaneously because of the condensation
of water vapor on the exchange surfaces. Typical examples are heat exchangers used
for summer air-conditioning operations (see Chapter 11 of Kuehn et al., 1998), enthalpy
exchangers utilized for dehumidification and total heat recovery (Spahier and Worek,
2004), and process-air dehumidifiers employed in textile driers, forced-convection
ovens and dishwashers (Bari et al., 2005). However, despite the sizable body of
literature dealing with the prediction of latent and sensible fluxes under dehumidifying
conditions, not much attention has been devoted to the development of models dealing
with both heat and mass transfer and thermodynamic aspects of the processes
investigated. To partially fill this gap, the illustration of successful procedures utilized
routinely in numerical simulations might be of some help.

Conventionally, the vapor saturation pressure, and thus the dew-point temperature and
the relative humidity of air, are defined with respect to a flat surface of water. In such a case
the saturation, or equilibrium, vapor pressure is a function of temperature only. In reality,
because of the surface tension, the saturation pressure is a function not only of temperature
but also of the curvature of the interface. As shown in Appendix 1, highly curved surfaces
have higher equilibrium vapor pressures than flat surfaces (Mitrovic, 2004; Galvin, 2005).
Therefore, a very small droplet of water with large curvature will evaporate in an
environment which, according to the conventional definition, is saturated. The smaller the
droplet, the more pronounced this effect is since the saturation vapor pressure increases
with decreasing droplet sizes. For a radius of the droplet approaching zero, the saturation
pressure approaches infinity. As a consequence, homogeneous nucleation occurring
within a humid air-stream is quite unlikely. On the contrary, heterogeneous nucleation
appears frequently, since an incipient water droplet forming on a nucleus of condensation
has much less curvature in relation to its mass. Nucleation on foreign particles, for
example, occurs worldwide in the atmosphere and leads to the formation of cloud droplets
(see Chapter 4 of Wallace and Hobbes, 1977). In cooling apparatuses, foreign particles are
not usually present and, in general, condensation appears on the wall surfaces, where
nucleation processes are facilitated by surface tension between solid and fluid and by
small surface irregularities (Na and Webb, 2004). (A physical interpretation of the
influences of contact angle and roughness on nucleation is presented in Appendix 1.) In
accordance with the above considerations, numerical simulations assume that the air
which comes into contact with a surface at a temperature below the dew-point, is first
brought to the wall temperature, and only afterwards is dehumidified until the final
equilibrium state is reached.
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Accurate simulations of air-cooling processes require proper wall boundary
conditions for the velocity components. Since, the late 1950s, the pioneering studies of
Hartnett and Eckert have established that condensation and evaporation induce
advective flows at the walls (Hartnett and Eckert, 1957; Eckert and Drake, 1959). In the
case of condensation, advective velocities are directed towards the cooling surface,
generating a suction effect which reduces the thickness of the boundary layer. In
processes with low rates of mass convection, such as air-conditioning, the transverse
flux of matter and the induced advective velocities are usually small and can be
disregarded without significantly affecting the accuracy of the computations
(Volchkov et al., 2004). On the contrary, in processes with high rates of mass
convection, such as drying, the advective velocities must be accounted for
(Volchkov et al., 2004). A key point of interest is whether the presence of non-zero
advective velocities in correspondence with the cooling surface prevents, or not, the use
of the analogy between heat and mass convection. According to Mills (1999), the
validity of the analogy is limited to processes with low-rates of mass convection. On
the other hand, a recently proposed formulation of the analogy seems to hold good for
both low- and reasonably high-rates of mass convection (Volchkov et al., 2004).

In principle, the modeling of cooling processes that involve adjacent fluid and solid
domains requires the solution of a conjugate problem. However, conduction in the solid
and convection in the fluid can often be decoupled by imposing constant temperature
boundary conditions on the interface between the fluid and solid domains. If, in
addition to being known, the interface temperature is lower than the dew point and the
condensate is promptly removed from the exchange surfaces, the ideal gas relationship
yields a constant value of the mass fraction of water vapor at the wall (corresponding
to the saturation pressure at the wall temperature). Ignoring the presence of the
condensed liquid has several justifications. First of all, designers always devote much
effort to the achievement of a good drainage since retained condensate might either
blow-off the heat exchanger, creating an unwanted fog, or remain on the cooling
surface, providing a medium for the growth of bacteria (Korte and Jacobi, 2001).
Furthermore, the influence of liquid droplets and films has not even been fully
established experimentally (Korte and Jacobi, 2001; Hu et al., 1994; Ramadhyani, 1998).
The reason is that liquid droplets increase the effective roughness of the exchange
surface. Thus, they increase friction factors and heat convection coefficients in
turbulent flows, but not in laminar flows which are rather insensitive to roughness
effects. Similarly, liquid films increase pressure losses and convection rates by
increasing average axial velocities, but also bring about additional thermal resistances.
The prevailing opinion is that the pressure loss is increased by the retained condensate,
at least in the presence of liquid films, but it is still unclear whether the heat and mass
convection coefficients are increased or decreased.

Despite the simplicity of decoupled formulations which disregard the presence of
condensed liquid on the cooling surface, numerical modeling of simultaneous heat and
mass transfer has not received much attention in the literature. However, with
reference to laminar flows and boundary conditions of the first kind on the exchange
surfaces, our research group recently analyzed decoupled heat and mass convection
processes occurring simultaneously in a variety of tube-fin and plate-fin exchangers
(Comini and Croce, 2001, 2003; Comini et al., 2002). In these simulations, we neglected
the advective velocities induced by condensation. In the present paper, on the contrary,
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we take into account the effects of the advective velocities induced by condensation of
water vapor in a forced flow of humid air over a cold plate.

The resulting problem is geometrically simple, but the governing equations are
coupled through the wall boundary conditions for the Navier-Stokes equations.
The non-zero advective velocities, in fact, modify the flow field and thus influence also
the species and the energy conservation equations. Consequently, the solution must be
based on an iterative procedure. In the presentation of results we favor the McQuinston
(1975) approach, which deals with the ratio between sensible ðq00kÞ and total ðq00wÞ heat
fluxes, rather than the Threlkeld’s approach ((Kuehn et al., 1998) pp. 309-311), which
expresses the total heat flux in terms of enthalpy differences. The ratios q00k=q

00
w

obtained from our numerical model are thus compared with the values yielded by the
heat and mass transfer analogies illustrated in the text.

The proposed methodology leaves much room for further research. In particular, the
effects on the Nusselt number of the suction flow induced by condensation must be
quantified with reference, for example, to the correlations used for the prediction of
convection coefficients. To this aim, some indications are provided for the cold plate
problem investigated here.

Governing equations
For laminar flows of an incompressible, constant property fluid, the governing
equations are the continuity and Navier-Stokes equations, the species conservation
equation, and the energy equation (Comini and Cortella, 2005). The continuity and
Navier-Stokes equations can be written as:

7 · v ¼ 0 ð1Þ

and:

r
›v

›q
þ rv ·7v ¼ m72v2 7p ð2Þ

respectively. The species conservation equation can be written as:

›v

›q
þ v ·7v ¼ D72v ð3Þ

In the absence of volumetric heating, by neglecting the effects of viscous dissipation
and the energy transport connected with diffusion, the energy equation can be
written as:

rcp
›t

›q
þ rcpv ·7t ¼ k72t ð4Þ

In the above equations q is the time, p is the pressure, v is the mass fraction of water
vapor in the humid-air mixture, t is the temperature and the other properties and
variables are defined as follows.

The density:

r ¼ ra þ rv ð5Þ

the viscosity:
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m ¼ ð1 2 vÞma þ vmv ð6Þ

the specific heat at constant pressure:

cp ¼ ð1 2 vÞcpa þ vcpv ð7Þ

and the thermal conductivity k:

k ¼ ð1 2 vÞka þ vkv ð8Þ

are suitable combinations of dry-air and water-vapor values. In the calculations, the
thermophysical properties are assumed to be constant and equal to their average
values between the free-stream and the wall surface.

The velocity of the mixture is a mass-average:

v ¼ ð1 2 vÞva þ vvv ð9Þ

between the dry-air velocity va and the water-vapor velocity vv. The binary mass
diffusion coefficient D accounts for the molecular diffusion of water vapor into dry air.
(Because of the reciprocity relation, however, the same value of the binary mass
diffusion coefficient characterizes also the molecular diffusion of dry air into water
vapor.) It is important to note that the species conservation equation is written for a
medium which, locally, moves with the velocity v. Consequently, the mass fluxes of
water vapor referred to in equation (3), have two components: the advective component
vv; which represents the bulk transport of water vapor, and the diffusive component
D7v; which represents the molecular transport of water vapor relative to a medium
which moves with the mass average velocity v (Comini and Cortella, 2005).

To complete the formulation, appropriate boundary conditions must still be
imposed. These conditions will be discussed in the following section, with reference to
situations in which temperature and mass fractions have known values on the
interfaces between fluid and solid domains.

Boundary conditions
Inflow, outflow and free-stream boundary conditions can be formulated in the usual
way. At inflow we prescribe distributions of velocity, concentration and temperature
which coincide with the conditions prevailing in the free-stream (denoted by the
infinity subscript):

v ¼ v1; v ¼ v1; t ¼ t1 ð10Þ

At outflow, we can assume fully developed distributions of velocity, concentration and
temperature:

›v

›n
¼

›v

›n
¼

›t

›n
¼ 0 ð11Þ

with no variations in the direction n, orthogonal to the outflow boundary. Finally, on
the free-stream boundary we can write:

vt ¼ jv1j; vn ¼
›v

›n
¼

›t

›n
¼ 0 ð12Þ
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where vt and vn are the velocity components in the directions t; tangential to the
free-boundary, and n orthogonal to the free-boundary.

Temperature and mass fractions at interfaces
As already pointed out, convection in the fluid is effectively decoupled from conduction
in the solid if the interface temperature is known a priori and is prescribed as a thermal
boundary condition of the first kind. In such a case, under the additional assumption
that the condensate is promptly removed, we have:

t ¼ tw ð13Þ

and the energy equation can be solved in the fluid region only (as it is done here).
In problems characterized by interface temperatures equation (13) lower than the

dew-point, we use the ideal gas relationship to compute the value of the mass fraction
of water vapor corresponding to the saturation pressure:

vw ¼
psðtwÞ

rRvTw
ð14Þ

In the above equation psðtwÞ is the saturation pressure at the wall temperature, Rv is
the gas constant for water vapor, Tw is the absolute wall temperature, and the
approximate relationship used to evaluate the saturation pressure is:

ps ¼ 610:78 exp 17:2694
t

t þ 238:3

� �
ð15Þ

with Ps expressed in pascal and t expressed in degrees celsius (Comini et al., 2005).
Since, the wall temperature is known, equation (14) can be interpreted also as a
boundary condition of the first kind for the mass fraction of water vapor.

Velocity components and mass fluxes at interfaces
At interfaces where condensation occurs, the usual no-slip boundary condition can still
be prescribed in the direction tangential to the wall:

vt ¼ 0 ð16Þ

In the direction normal to the wall, on the contrary, velocity components assume the
non-zero values which result from the mass balance illustrated in Appendix 2. Where
condensation takes place, in fact, we obtain:

vn ¼ 2
D

1 2 vw

›v

›n

����
w

ð17Þ

for the component of the mass-average velocity of humid air orthogonal to the surface.
Expressions (16) and (17) yield the velocity boundary conditions for the Navier-Stokes
equations. Since, the boundary condition (17), the Navier-Stokes, the species
conservation and the energy equations are coupled. On the other hand, if vn is very
small, as usually happens in air-conditioning processes, we can assume vn ø 0 and
solve the governing equations independently of one another.

At surfaces where condensation takes place, we can express the total flux of water
vapor as a sum of diffusive and advective components:
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_m00
v ¼ ð _m00Þdv þ ð _m00Þav ¼ 2rD

›v

›n

����
w

þrvwvn ð18Þ

Thus, for vn ø 0 the total flux can be expressed as:

_m00
v ø 2rD

›v

›n

����
w

¼ ð _m00Þdv ð19Þ

while, at surfaces where vn is not negligible, the total flux can be expressed in the
compact form:

_m00
v ¼ 2

rD

1 2 vw

›v

›n

����
w

ð20Þ

which, in accordance with equations (17) and (18), takes into account both diffusion and
advection components. In numerical simulations, the normal derivatives appearing in
expressions (19) and (20) can be easily evaluated once a complete solution of the species
conservation equation (3) has been obtained. In the framework of the finite element
method, a convenient procedure of evaluation is described in Comini et al.(1995).

Sensible and latent heat fluxes
As already pointed out, numerical simulations assume that the humid air which comes
into contact with the cooling surface is first brought to the wall temperature, and
only afterwards is dehumidified until the final equilibrium state is reached.
In psychrometric charts (which are usually based on a unit mass of dry air, and not on
a unit mass of humid air), the process followed by the mixture can be represented as in
Figure 1(a). (The relationship between x and v is given by the expression:

x ¼
v

1 2 v
ð21Þ

which follows immediately from the respective definitions.)
The sensible heat exchange occurs first, with the moist air lowering its temperature

from t1 to tw while maintaining constant the value of the humidity ratio x1: The latent
heat exchange follows, with the moist air lowering its humidity ratio from x1 to xw

while maintaining constant the value of the temperature tw: If the condensate leaves
the control volume of Figure 1(b) at the wall temperature tw; the total rate of heat
transfer from the humid air to the cooling surface can be expressed as
(McQuinston et al., 2005):

qw ¼ _ma½~cðt1 2 twÞ þ HvlðtwÞðx1 2 xwÞ� ð22Þ

The energy balance in equation (22) paves the way to the consistent definitions of
sensible:

qk ¼ _ma~cpðt1 2 twÞ ð23Þ

and latent heat transfer loads:

ql ¼ _maHvlðtwÞðx1 2 xwÞ ¼ _mvHvlðtwÞ ð24Þ
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In the above equations _ma is the mass flow rate of dry air, _mv is the mass flow rate of
condensed vapor, HvlðtwÞ is the latent heat of condensation, evaluated at the
temperature tw of the cooling surface, and:

~cp ¼ cpa þ xcpv ð25Þ

is the specific heat at constant pressure, evaluated at x1 and referred to a unit mass of
dry air.

The sensible heat exchange is related to the conduction of heat from the wall to the
fluid. Thus, in accordance with definition (23), numerical simulations assume:

q00k ¼ 2k
›t

›n

����
w

ð26Þ

(It must be noted that the condensate leaves the domain at the reference temperature
and, consequently, the contribution of this advective flow to the sensible heat exchange
is identically equal to zero). The latent heat exchange is related to the condensation of
water vapor. Definition (24) naturally leads to the assumption:

q00l ¼ _m00
vHvlðtwÞ ð27Þ

which is utilized in numerical simulations for the evaluation of latent heat fluxes.
In the above equation, the mass flux of water vapor is computed from equation (19)

Figure 1.
Combined sensible and

latent heat transfer:
(a) process; (b) control

volume schematization

ϕ = 100%

(a)
ttw

wxw

x∞

t∞

x

(b)

tw ,xw

tw
.

t∞ ,x∞

ma
.

ma
.

.
mv = ma (x∞–xw)

qw = qk + qλ
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in processes characterized by low rates of mass convection, or from equation (20) in
processes characterized by high rates of mass convection. Finally, from equations (26)
and (27) we have:

q00w ¼ q00k þ q00l ¼ 2k
›t

›n

����
w

þ _m00
vHvlðtwÞ ð28Þ

for the total heat flux at the wall.

Heat and mass convection analogy
For the applications which are of interest here, the analogy between heat and mass
convection can be written in the form:

Nuk

ShD
¼

1

Len
ð29Þ

where the exponent n is equal to 1/3 in the laminar regime:

Nuk ¼
q00kL

kðt1 2 twÞ
ð30Þ

is the Nusselt number related to the sensible heat exchange:

ShD ¼
ð _m00ÞdvL

rDðv1 2 vwÞ
ð31Þ

is the Sherwood number related to the diffusive flux of water vapor, and:

Le ¼
k

rcp

1

D
¼

Sc

Pr
ð32Þ

is the Lewis number, defined as the ratio between the Schmidt and the Prandtl
numbers (Incropera and DeWitt, 1996).

Starting from the standard form of the convection analogy equation (29), and
following the procedure of Appendix 3, the ratio between sensible and total heat fluxes
can be expressed as:

q00k
q00w

¼ 1 þ Len21ðv1 2 vwÞ
HvlðtwÞ

cpðt1 2 twÞ

� �21

ð33Þ

Equation (29) does not account for the advective transport of mass (Mills, 1999).
Consequently, the validity of equations (29) and (33) is limited to processes
characterized by low rates of mass convection, in which it is possible to assume: vn ø 0
and ð _m00Þdv ø _m00

v:
On the contrary, in processes characterized by high rates of mass convection we

have vn – 0; and the total flux of water vapor at the wall is expressed in compact form
by equation (20), i.e. by the relationship:

_m00v ¼
1

1 2 vw
ð _m00Þdv ð34Þ
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which takes into account both diffusion and advection components of the mass flux.
In this case, the Sherwood number related to the total wall flux of water vapor can be
written as:

Shw ¼
_m00

vL

rDðv1 2 vwÞ
¼

1

1 2 vw
ShD ð35Þ

because of equation (34) and definition (31).
Substituting ð1 2 vwÞShw for ShD into equation (29), we arrive at the modified form

of the heat and mass convection analogy:

Nuk

Shw
¼

1 2 vw

Len
ð36Þ

valid for both low- and reasonably high-rates of mass convection. Starting from the
modified form in equation (36) of the analogy, and following the steps illustrated in
Appendix 3, the ratio between sensible and total heat fluxes can be expressed as:

q00k
q00w

¼ 1 þ Len21 v1 2 vw

1 2 vw

HvlðtwÞ

cpðt1 2 twÞ

� �21

ð37Þ

Formula (37), but not expression (36), has been proposed by Volchkov et al. (2004).
Obviously, it is only fair to notice that equation (37) implies equation (36), and vice
versa.

Results and discussion
In the calculations, two sets of values were used for low- and high-rates of
mass convection, respectively. In the low-rate range, we assumed: tw ¼ 108C and
vw ¼ 0:00765 at the interface with the cooling plate, while the constant
values used for the thermophysical properties of humid air were: r ¼ 1:217 kg=m3,
m ¼ 1:804 £ 1025N s=m2;D ¼ 2:45 £ 1025m2=s, cp ¼ 1.027 kJ/(kg K), k ¼ 2.566 £
1022 W/(m K), Hvl ¼ 2,478 kJ/kg, Sc ¼ 0.605, Pr ¼ 0.722 and Le ¼ Sc/Pr ¼ 0.838. In
the high-rate range, we assumed: tw ¼ 608C and vw ¼ 0:13236 ¼ 0 at the interface
with the cooling plate, while the constant values used for the thermophysical properties
of humid air were: r ¼ 1.207 kg/m3, m ¼ 1.910 £ 1025 N s/m2, D ¼ 2.45 £ 1025m2/s,
cp ¼ 1.332 kJ/(kg K), k ¼ 2.833 £ 1022 W/(m K), Hvl ¼ 2,362 kJ/kg, Sc ¼ 0.646,
Pr ¼ 0.898 and Le ¼ Sc/Pr ¼ 0.719.

Simultaneous heat and mass transfer: analytical results
The analytical results deal with the range of validity of the two forms in equations (33)
and (37) of the heat and mass convection analogy. In the literature, in fact, there is not
much agreement on the definition of the limits for the “low” and “high” rates of
mass-convection. However, a “safe” criterion can be seen from Figure 2 where the
results yielded by equations (33) and (37) are compared. In Figure 2(a), the standard
and the modified form of the analogy yield undistinguishable results. Thus, with a wall
temperature tw ¼ 108C, the limits: t1 , 608C, for free-stream temperatures, and Dv ¼
v1 2 vw , 0:045; for mass fraction differences, can be assumed for the low range (in
which the standard form of the analogy and the related boundary condition vn ¼ 0 hold
well). On the contrary, in Figure 2(b) the standard and the modified form of the analogy
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yield results which differ as much as 15 percent. Thus, with a wall temperature
tw ¼ 608C, the limits: 708C , t1 , 908 for free-stream temperatures and
Dv ¼ v1 2 vw , 0:075 for mass fraction differences can be assumed for the high
range (in which the modified form of the analogy and the related boundary condition
vn – 0 must be used).

Simultaneous heat and mass transfer: numerical results
The numerical results deal with the validation of the model utilized for the prediction of
heat and mass fluxes under dehumidifying conditions. In the numerical solutions we
utilized the commercial code FEMLAB (COMSOL, 2004) and, in the high-range of mass
convection, also an iterative solution procedure. In the iterative calculations we
assumed, at the first step, negligible advective velocities at the wall boundary. Then we
computed in sequence the velocity field, the temperature field and the mass fraction
field. The computed distribution of mass fraction gradients yielded non-zero estimates

Figure 2.
Results yielded by the
standard form of
the analogy (33) and the
modified form of the
analogy (37) for (a) low
and (b) high rates of mass
convection

∆ω = ω∞− ωw
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of advective velocity distributions, which were used to repeat the calculations until
convergence was reached. After obtaining a converged solution, the computed
gradients of temperature and mass fractions at the walls were used to estimate latent,
sensible and total heat fluxes.

The computational domain, the grid and the boundary conditions utilized in the
calculations are shown in Figure 3. The domain, of length L ¼ 0.1 m and width
W ¼ 0.05 m, is subdivided into quadratic triangular elements. Grid and time-step
independence were established on the basis of calculations in which the dimensions of
the elements and the time step were progressively reduced from one simulation to
another. When further decreases in dimensions, or in time steps, led to changes in the
average Nusselt numbers smaller than 1 percent, the results were considered to be
independent on the grid, or on the time step, respectively. The final grid consisted of
4,019 elements with a total of 8,516 nodes. Grid spacings were finer near the wall and
the leading edge, and the final value of the time step was equal to 0.6 s.

In Figure 4 the analytical results yielded by the modified form of the heat and mass
transfer analogy of equation (37) are compared with the steady-state results of
numerical calculations concerning several Reynolds numbers in the range
(ð5 £ 103 # ReL # 1 £ 105Þ: In Figure 4(a) the numerical results are shown using the
boundary condition vn ¼ 0, while in Figure 4(b) the numerical results are shown using
the boundary condition (17). As can be seen, the agreement is quite good both for the
low-rates of mass convection shown in Figure 4(a), and the high-rates of mass
convection shown in Figure 4(b). Furthermore, the independence of the ratios q00k=q

00
w on

the Reynolds number, implied by the heat and mass convection analogy, is confirmed.
In fact results concerning low and high Reynolds number results are practically
indistinguishable in both figures.

Simultaneous heat and mass transfer: future developments
In design procedures, once the ratios between sensible and total heat loads have been
evaluated on the basis of the heat and mass convection analogy, either the sensible or

Figure 3.
Computational domain,

grid and boundary
conditions

ω t

v

n
OUTFLOW:

n
=

ω
=

n

t
= 0

WALL:

ωw , tw

uτ = 0,un
FREE-STREAM

Eq. (12)

,INFLOW: ,v

(0,0)

(L,W)

n

τ
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the total heat flow rate must still be calculated. In processes with low-rates of mass

convection, the influence of the advective velocities vn can be neglected, and sensible

heat flow rates can be evaluated by means of standard expressions correlating the

average Nusselt number with the Reynolds and Prandtl numbers. In processes with

high-rates of mass convection, on the contrary, the influence of vn must be taken into

account. To this aim, some indications can be obtained from the data base provided by

the numerical calculations illustrated in the previous section.

In the cold-plate problem investigated here the flow is laminar, and boundary

conditions of constant and uniform temperature and mass fraction are imposed at the

interface between solid and fluid domains. Under these assumptions, the ratio

Nuk=ðNukÞ0 between the actual average Nusselt number and the average Nusselt

number for small, in the limit zero, advective velocities vn can be expressed as a

function of the flow parameter ð�vn=jv1jÞRe
1=2
L (Eckert and Drake, 1959; Hartnett,

1985). (Here, the average Nusselt number:

Figure 4.
Comparisons between
analytical (continuous)
results yielded by the
modified form of the
analogy and finite element
results for (a) low and
(b) high rates of mass
convection
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Nuk ¼
1

A

Z A

0

q00k dA

 !
L

kðt1 2 twÞ
¼

qkL

Akðt1 2 twÞ
ð38Þ

and the average advective velocity:

�vn ¼
_mv

rvA
ð39Þ

are defined with reference to the total values of the exchange area A, sensible heat flow
rate qk, and mass flow rate of condensing vapor _mv). In this way, the plot of Figure 5
shows the almost linear correlation:

Nuk 2 ðNukÞ0

ðNukÞ0

ø 9:7
j�vnj

jv1j
Re

1=2
L ð40Þ

which is characterized by an accuracy of the order of 2 percent in the whole range of the
ð�vn=jv1jÞRe

1=2
L parameter investigated here.

Conclusions
A joint description of heat and mass transfer and thermodynamic aspects of air-cooling
applications has been presented, based on the boundary conditions utilized in
numerical simulations. Particular attention has been paid to the thermodynamically
consistent definition of latent and sensible heat loads, and to the correct formulation of
the heat and mass transfer analogy in the presence of a suction flow induced by
condensation of water vapor.

In the model illustrated in the text, conduction in the solid and convection in the
fluid have been decoupled by imposing constant temperature boundary conditions on
the interface, and by assuming that the condensate is promptly removed. However, for
high rates of mass convection the condensation of water vapor induces non-zero
advective velocities on the exchange surface, modifying the flow field and influencing
also the species and the energy conservation equations. Consequently, the equations
governing heat and mass transfer in the fluid are coupled with the Navier-Stokes
equations, and the solution must be based on an iterative procedure.

Figure 5.
Laminar flow of humid air
over a cooling plate: ratio

of the actual Nusselt
number to the Nusselt

number with very small
advective velocities vn
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The high-rates of mass convection required also a modification of the analogy between
heat and mass convection. The predictions of the modified analogy were satisfactorily
compared with the numerical results concerning forced flows of humid air over a
cooled plate. In this way the model utilized for the simulations was validated, both for
air-conditioning applications (almost always characterized by low rates of mass
convection), and drying applications (almost always characterized by high-rates of
mass convection).

The proposed methodology leaves room for further research. In particular, the
effects on the Nusselt number of the suction flow induced by condensation must be
quantified. To this aim, some indications have been provided in the text for the
cold-plate problem investigated here.
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Appendix 1. Kelvin equation and surface roughness
At a temperature T, the saturation pressure P0 of a liquid is the vapor pressure measured just
above a planar interface but, when the interface exhibits a curvature, the equilibrium vapor
pressure Pv becomes higher than P0. A simple derivation of the relationship between the two
pressures can follow the steps outlined in Galvin (2005). With reference to a system containing
liquid water and water vapor in equilibrium at the temperature T, let us assume that a capillary
tube with a non-wetting surface is inserted into the liquid as shown in Figure A1(a). In such a
case, the liquid moves downwards in the capillary, and the depression:

Dh ¼
1

rlg

2s

r
ðA1Þ

depends on the liquid density rl, the surface tension s; the gravity acceleration g and the
capillary radius r. Equation (A1) can also be written in the form:

gDh ¼
1

rl

2s

r
¼ DG ðA2Þ

where G is the chemical potential (Mitrovic, 2004). The three members of equation (A2) have the
dimension of a specific energy (J/m3), and represent the energy per unit mass required to
overcome the Gibbs energy barrier in order to form the surface of the vapor-liquid interface (Na
and Webb, 2004).
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Figure A1.
Influence of (a) radius of
curvature; (b) contact
angle; (c) surface
roughness
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Inside the capillary the temperature is constant and, consequently, the pressure gradient can be
written as:

›p

›h

� �
T

¼ rvg ¼
p

RvT
g ðA3Þ

Separating the variables and integrating the first and the third member of equation (A3) from the
limits (P0, 0) and ð pv;DhÞ, we obtain:

ln
pv

p0
¼

gDh

RvT
ðA4Þ

Finally, by taking into account the first two members of equation (A2), we arrive at the usual
expression of the Kelvin equation:

pv

p0
¼ exp

1

RvTrl

2s

r

� �
ðA5Þ

On the basis of the Clausius-Clapeyron relation, the first member of equation (A4) can also be
written in the form (Comini, 2000):

ln
pv

p0
¼

H lv

Rv

1

T0
2

1

Tv

� �
ðA6Þ

where T0 is the saturation temperature at the pressure P0 and Tv is the saturation temperature at
the pressure Pv. Thus, by equating the second members of equations (A4) and (A6), after some
algebra we arrive at the expression:

Tv 2 T0

T0
¼

1

rlH lv

2s

r
ðA7Þ

of the sub-cooling required to form an interface of radius r in the situation of Figure A1(a), or a
droplet of radius r in a humid air-stream. From equation (A7) it stems that the required
sub-cooling increases with the curvature. As a consequence, it is not likely that homogeneous
nucleation occurs within a humid air-stream. On the other hand, water droplets forming on nuclei
of condensation have much less curvature in relation to their masses. In the atmosphere, in fact,
heterogeneous nucleation on foreign particles occurs worldwide and leads to the formation of
clouds (Wallace and Hobbes, 1977). As shown in Figures A1(b) and (c), also water droplets
forming on wetting ða , 1808Þ and rough surfaces may have much less curvature with respect to
spherical droplets with the same masses. Consequently, the appearance of condensation on the
wall surfaces may occur with much smaller degrees of sub-cooling than the corresponding
formation of spherical droplets within the humid air-stream.

Appendix 2. Mass balances at the interface
In the direction n, the boundary conditions for the component vn of the mixture velocity v must
take into account the mass balances. The species conservation equation (3) implies that the
diffusive flux of water vapor at an interface can be expressed by equation (19):

ð _m00Þdv ¼ 2rD
›v

›n

����
n¼0
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while the advective flux of water vapor can be expressed as:

ð _m00Þav ¼ rvwvn ðA8Þ

The total flux of water vapor can be expressed by the sum of equation (18):

_m00
v ¼ ð _m00Þdv þ ð _m00Þav ¼ 2rD

›v

›n

����
n¼0

þrvwvn

With reference to Figure A2, we can see that the mass fraction of dry-air in the humid-air mixture
is equal to ð1 2 vÞ and, consequently, the advective flux of dry air at the interface is equal to:

ð _m00Þaa ¼ rð1 2 vwÞvn ðA9Þ

The diffusive flux of dry air at the interface is obtained by substituting v with ð1 2 vÞ in
equation (19). In this way we arrive at the expression:

ð _m00Þda ¼ 2rD
›ð1 2 vÞ

›n

����
n¼0

¼ rD
›v

›n

����
n¼0

ðA10Þ

Since, the wall is not permeable to dry air, the total flux of dry air at the interface must be set
equal to zero:

_m00
a ¼ ð _m00Þda þ ð _m00Þaa ¼ rD

›v

›n

����
n¼0

þrð1 2 vwÞvn ¼ 0 ðA11Þ

Equation (A11) yields the unknown advective velocity:

vn ¼ 2
D

1 2 vw

›v

›n

����
n¼0

Figure A2.
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i.e. the boundary condition (17) for the normal component of the mass-average velocity of humid
air at a boundary where condensation takes place.

Finally, by substituting equation (17) into equation (18) we obtain:

_m00
v ¼ 2rD 1 þ

vw

1 2 vw

� �
›v

›n

����
n¼0

¼ 2
rD

1 2 vw

›v

›n

����
w

i.e. the expression (20) of the total flux of water vapor at a boundary where condensation takes
place.

Appendix 3. Ratio of sensible and total heat fluxes
The ratio between total and sensible heat fluxes can be written as:

q00w
q00k

¼ 1 þ
q00l
q00k

¼ 1 þ
_m00

vHvlðtW Þ

q00k
ðA12Þ

and the modified form, equation (36) of the heat and mass convection analogy can be written as:

Shw

Nuk
¼

_m00
vL

rDðv1 2 vwÞ

kðt1 2 twÞ

q00kL
¼

1

1 2 vw
Len ðA13Þ

equation (A13) leads to the expression:

_m00
v

q00k
¼ Len

v1 2 vw

1 2 vw
D
rcp

k

1

cpðt1 2 twÞ
ðA14Þ

for the ratio between the mass flux of water vapor and the total flux of heat at the wall. Noting
that Drcp=k ¼ Le2 1 and substituting equation (A14) into equation (A12) we arrive at the
relationship:

q00w
q00k

¼ 1 þ Len21 v1 2 vw

1 2 vw

HvlðtwÞ

cpðt1 2 twÞ
ðA15Þ

Taking the reciprocal of both members of equation (A15) we finally arrive at equation (37).
Starting from the expression (29) of the heat and mass convection analogy, and following the
steps just outlined we arrive at equation (33).
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